Abstract. For a given cluster-tilted algebra A of tame type, it is proved that different indecomposable τ -rigid A-modules have different dimension vectors. This is motivated by Fomin and Zelevinsky's denominator conjecture for cluster algebras. As an application, we establish a weak version of the denominator conjecture for cluster algebras of tame type. Namely, we show that different cluster variables have different denominators with respect to a given cluster for a cluster algebra of tame type.
1. Introduction 1.1. Motivation. Cluster algebras were invented by Fomin and Zelevinsky [16] with the purpose to provide an algebraic framework for the study of total positivity in algebraic groups and canonical bases in quantum groups. They are commutative algebras defined via a set of generators: cluster variables, constructed inductively by mutations. The cluster variables were gathered into overlapping sets of fixed cardinality called clusters. Monomials of cluster variables all of which belong to the same cluster are cluster monomials. Inspired by Lusztig's parameterization of canonical bases in the theory of quantum groups, Fomin and Zelevinsky [17] introduced the denominator vector for each cluster monomial with respect to a given cluster and formulated the so-called denominator conjecture: different cluster monomials have different denominator vectors. In contrast to other conjectures of cluster algebras, little progress has been made towards proving the denominator conjecture. One of the reason is that there does not exist a simple formula relating the denominator vectors of a cluster variable with respect to different seeds. To our best knowledge, the denominator conjecture has not yet been verified for cluster algebras of finite type.
In order to understand the denominator conjecture, one would first to consider the following weak version: different cluster variables have different denominator vectors with respect to a given cluster.
Nevertheless, the weak version has only been verified for very restricted cases, see [31, 13, 12, 20, 2] for instance. For example, it has been established by Geng and Peng [20] for skew-symmetric cluster algebras of finite type and by Caldero and Keller [13, 12] for acyclic cluster algebras with respect to acyclic initial seeds 1 . For cluster algebras of rank 2, it has been verified by Sherman and Zelevinsky [31] .
By the work of Nakanishi and Stella [28] , we also know that the weak denominator conjecture holds for cluster algebras of finite type.
One of the key ingredient in the work of Caldero and Keller [13, 12] is that there exist categorifications for acyclic cluster algebras. More precisely, let Q be an acyclic quiver and A(Q) the acyclic cluster algebra associated to Q. Denote by C Q the cluster category [10] associated to Q, which is a 2-Calabi-Yau triangulated category with cluster-tilting objects. Let Σ be the suspension functor of C Q . It has been Theorem 1.3 (Theorem 3.3). Let C be a cluster category and Z a rigid object of C. The subfactor ⊥ (add ΣZ)/ add Z is a cluster category.
Let D be a triangulated category with triangulated subcategories D 1 and D 2 . We say that D is a direct sum of D 1 and D 2 , provided that:
• any object M ∈ D is a direct sum of objects M 1 ∈ D 1 and M 2 ∈ D 2 ;
• The paper is structured as follows. In Section 2, we recall basic definitions and facts for clustertilting theory. Section 3 is devoted to investigate the subfactors of cluster categories. In particular, Theorem 3.3 and Theorem 3.8 are proved. We then apply results obtained in Section 3 to prove Theorem 4.9 in Section 4. Finally, we prove the weak denominator conjecture (Theorem 5.6) for cluster algebras of tame type in Section 5.
1.3. Convention. Let k be an algebraically closed field. Denote by D = Hom k (−, k) the duality over k. For an object M in a category C, denote by |M | the number of non-isomorphic indecomposable direct summands of M and by add M the subcategory of C consisting of objects which are finite direct sum of direct summands of M . For r ∈ N, we denote by M ⊕r the direct sum of r copies of M . For a triangulated category C, we always denote by Σ the suspension functor of C and we refer to [21] for the basic properties of triangulated categories. For basic facts on representation theory of finite-dimensional hereditary algebras, we refer to [30, 3, 32, 33] .
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2. Recollection on cluster-tilting theory 2.1. Cluster structure for 2-Calabi-Yau categories. Let C be a 2-Calabi-Yau triangulated category with suspension functor Σ. In particular, for any X, Y ∈ C, we have the following bifunctorially isomorphism Hom C (X, Y ) ∼ = D Hom C (Y, Σ 2 X).
An object M ∈ C is rigid provided Hom C (M, ΣM ) = 0. A full subcategory N of C is rigid if
Hom C (X, ΣY ) = 0 for any X, Y ∈ N . Recall that a subcategory N is contravariantly finite in C, if any object M ∈ C admits a right N -approximation f : N → M , which means that any map from N ′ ∈ N to M factors through f . The left N -approximation of M and covariantly finiteness of N can be defined dually. A subcategory N is called functorially finite in C if N is both covariantly finite and contravariantly finite in C. A full functorially finite subcategory N of C is a cluster-tilting subcategory if
• N is a rigid subcategory;
• if an object M ∈ C such that Hom C (N, ΣM ) = 0 for any N ∈ N , then we have M ∈ N .
An object T ∈ C is a cluster-tilting object if the subcategory add T is a cluster-tilting subcategory of C. A typical class of 2-Calabi-Yau triangulated categories with cluster-tilting objects is the cluster categories introduced in [10] (cf. also Section 2.3).
Let C be a 2-Calabi-Yau triangulated category with cluster-tilting objects. Let T = T ⊕T k be a basic cluster-tilting object with indecomposable direct summand T k . It has been shown in [22] that there is a unique indecomposable object T *
k is a basic cluster-tilting object. Moreover, T * k is uniquely determined by the so-called exchange triangles
where g, g ′ are minimal right add T -approximations. In this case, the cluster-tilting object µ T k (T ) is called the mutation of T at the indecomposable direct summand T k and the pair (T k , T * k ) is an exchange pair.
For a given basic cluster-tilting object T ∈ C, denote by Q T the quiver of T . By definition, its vertices correspond to the indecomposable direct summands of T and the arrows from the indecomposable direct summand T i to T j is given by the dimension of the space of irreducible maps rad(
where rad(−, −) is the radical of the category add T . The category C has no loops nor 2-cycles provided that for each basic cluster-tilting object T ∈ C, its quiver Q T has no loops nor 2-cycles.
Let Q be a finite quiver with vertex set Q 0 = {1, · · · , n}. If Q has no loops nor 2-cycles, we define a skew-symmetric matrix B(Q) = (b ij ) ∈ M n (Z), where
On the other hand, for a given skew-symmetric integer matrix B, one can construct a quiver Q without loops nor 2-cycles such that B = B(Q). For any 1 ≤ k ≤ n, the Fomin-Zelevinsky's mutation [16] transforms the matrix B(Q) to a new skew-symmetric matrix
else.
Let C be a 2-Calabi-Yau triangulated category with cluster-tilting objects. The category C admits a cluster structure [4] if the following conditions are satisfied:
(C1) C has no loops nor 2-cycles;
(C2) For each basic cluster-tilting object T with an indecomposable direct summand T k , the matrix B(Q T ) and B(Q µT k (T ) ) are related by the Fomin-Zelevinsky's mutation rule.
It has been proved in [4] that the condition (C1) implies (C2). Namely, we have Theorem 2.1. Let C be a 2-Calabi-Yau triangulated category with cluster-tilting objects. If C has no loops nor 2-cycles, then C has a cluster structure.
2.2.
Recollection on hereditary algebras. We recall some facts about hereditary algebras following [30, 3, 32, 33] .
Let Q be a finite acyclic quiver and kQ the path algebra of Q over k. We assume moreover that Q is connected. Denote by mod kQ the category of finitely generated left kQ-modules. Let τ be the . . .
: :
: : t t t (1, 1) Figure 1 . The AR quiver of a tube T of rank 3. The quasi-simple modules are
(1, 1), (2, 1) and (3, 1).
(i) If Q is of Dynkin type, there are only finitely many indecomposable kQ-modules up to isomorphism and each indecomposable module is preprojective and preinjective. In particular, the AR quiver of mod kQ consists of a unique connected component;
(ii) If Q is of extended Dynkin type, the AR quiver of mod kQ consists of :
• the preprojective component, consisting exactly of the indecomposable preprojective modules;
• the preinjective component, consisting exactly of the indecomposable preinjective modules;
• a finite number of regular components called non-homogeneous tubes;
• an infinite set of regular components called homogeneous tubes;
(iii) If Q is of wild type, the AR quiver of mod kQ consists of the preprojective component, the preinjective component and infinitely many connected regular components with shape ZA ∞ . Now assume that Q is a connected extended Dynkin quiver. We turn to recall some facts on the regular components of mod kQ.
For a tube T , we also denote by T the full subcategory of mod kQ consisting of objects which are finite direct sum of indecomposable objects lying in T . Notice that each tube T is an abelian subcategory of mod kQ and the Auslander-Reiten translation τ restricts to an autoequivalence of T . Moreover, T is standard, i.e. the subcategory of T consisting of the indecomposable objects is equivalent to the mesh category of the AR quiver of T . For a fixed tube T , there is a positive integer m, such that τ m M = M for all indecomposable objects in T . The minimal such m is the rank of T . If m = 1, then T is said to be homogeneous.
Let T be a tube of rank d in mod kQ. Indecomposable modules lying in the mouth of T are quasisimple modules. There are exactly d non-isomorphic quasi-simple kQ-modules in T , say
where
T with socle R i and quasi-length l. These modules exhaust the indecomposable modules in T . We may use the coordinate system to denote the indecomposable objects in T . Namely, denote by (a, b) the unique indecomposable object in T with socle R a and quasi-length b. When the first argument does not belong to [1, d] , we will implicitly assume identification modulo d (see Figure 1 . for an example of a tube of rank 3).
For an indecomposable object (a, b) ∈ T , the infinite sequence of irreducible maps
is called a ray starting at (a, b) and the infinite sequence of irreducible maps
is called a coray ending at (a, b). We also write
The wing W (a,b) determined by (a, b) is defined to be the set
Recall that a kQ-module M is rigid if Ext 1 kQ (M, M ) = 0. We end up this subsection with the following facts of mod kQ (cf. [30, 32] for instance). 2.3. Cluster categories. We follow [10] . Let Q be a finite acyclic quiver (may be non-connected) and which was introduced in [10] in order to give a categorical framework of Fomin-Zelevinsky's cluster algebras (cf. [11] for A n case). Namely, the cluster category C Q has the same objects as D b (mod kQ) and the morphism spaces
It has been proved by Keller [25] that C Q admits a canonical triangle structure such that the projection
For any finite acyclic quiver Q ′ such that kQ ′ is derived equivalent to kQ, we clearly have an equivalence of triangulated categories C Q ∼ = C Q ′ . Via this equivalence, we may regard kQ ′ -modules as objects of C Q and ind(mod kQ ′ ∨ Σ(kQ ′ )) forms a representative set of indecomposable objects of C Q , where the set ind(mod kQ ′ ∨ Σ(kQ ′ )) consists of the indecomposable kQ ′ -modules together with the objects ΣP , where P runs over indecomposable projective kQ ′ -modules.
The following result is useful to compute morphism spaces in C Q , which will be used frequently (cf. [10] ).
Lemma 2.3. For any kQ-modules X, Y , we have
Moreover, if X is a projective kQ-module or Y is an injective kQ-module, then
If both X and Y are regular kQ-modules, then
Let ind rig C Q be the set of isoclasses of indecomposable rigid objects in C Q . An easy consequence of Lemma 2.3 is that the set ind rig C Q consists of indecomposable rigid kQ-modules together with the objects ΣP , where P runs over indecomposable projective kQ-modules.
The structure of the AR quiver of D b (mod kQ) is well-understood via the AR quiver of mod kQ (cf. [21] ). By the fact that the projection π Q : D b (mod kQ) → C Q preserves the Auslander-Reiten triangles, we deduce the AR quiver of C Q from the AR quiver of D b (mod kQ). Namely, assume moreover that Q is connected,
• if Q is a Dynkin quiver, then the AR quiver of C Q admits a unique connected component with finitely many indecomposable objects;
• if Q is an extended Dynkin quiver, then the AR quiver of C Q consists of a connected AR component with shape ZQ (the translation quiver of Q), infinitely many homogeneous tubes and finitely many non-homogeneous tubes;
• if Q is of wild type, then the AR quiver of C Q consists of a connected AR component with shape ZQ and infinitely many connected AR components with shape ZA ∞ .
Using the AR quiver of a cluster category, we introduce the following intrinsic definition of regular and transjective objects in cluster categories. 
Otherwise, M is called transjective.
We also call an object M ∈ C transjective (resp. regular), if M has no indecomposable regular (resp. transjective) direct summand. It is easy to see that our definition coincides with the one in [9] . Indeed, if C = C Q for a finite acyclic quiver Q, then the indecomposable regular objects of C Q are precisely the indecomposable regular kQ-modules.
A cluster category C Q is of finite type if there are only finitely many indecomposable objects. In other words, Q is a disjoint union of Dynkin quivers. Using Auslander-Reiten theory of a cluster category, we obtain the following simple observation.
Lemma 2.5. Let C be a cluster category.
(1) C is of finite type if and only if C has only finitely many indecomposable rigid objects;
(2) Assume that C admits a connected AR component Γ • with finitely many indecomposable objects. Let C • be the full subcategory of C consisting of objects which are finite direct sum of indecomposable objects lying in Γ • . Then C • is a cluster category of finite type. Moreover, there is triangulated subcategory C • of C such that C is the direct sum of C • with C • .
2.4.
Cluster-tilted algebras. The cluster-tilting objects of C Q have close relationship with the tilting theory of kQ. Among others, the following result has been proved in [10] .
Lemma 2.6.
(a) An object T ∈ C Q is a cluster-tilting object if and only if there is a finite-dimensional hereditary algebra kQ ′ which is derived equivalent to kQ such that T is identified to a tilting kQ ′ -module via the equivalence
(b) Any two basic cluster-tilting objects of C Q can be obtained from each other by a series of mutations.
As an immediate consequence, we know that all the basic cluster-tilting objects of C Q have exactly |kQ| indecomposable direct summands.
Let T be a basic cluster-tilting object in C Q . The endomorphism algebra End CQ (T ) op is called a cluster-tilted algebra [5] . By definition, it is clear that the hereditary algebra kQ is a cluster-tilted algebra. The following results have been established in [5, 6] .
Theorem 2.7. Let T be a basic cluster-tilting object in C Q and Γ = End CQ (T ) op the associated cluster-tilted algebra.
(a) The functor Hom CQ (T, −) : C Q → mod Γ induces an equivalence
where C Q / add ΣT is the additive quotient of C Q by the subcategory add ΣT ;
(b) Let e be an idempotent of Γ. The quotient algebra Γ/ΓeΓ is again a cluster-tilted algebra;
(c) The quiver Q Γ of Γ has no loops nor 2-cycles.
Combining Theorem 2.1 with Theorem 2.7 (c), we conclude that the cluster category C Q admits a cluster structure. In the following, for each object M ∈ C Q without indecomposable direct summands in add ΣT , we will denote its image in mod Γ by M Γ and each Γ-module is given of the form M Γ for some object M ∈ C Q without indecomposable direct summands in add ΣT by Theorem 2.7 (a).
Let Λ be a finite-dimensional algebra over k and mod Λ the category of finitely generated left Λ-modules. Denote by τ the Auslander-Reiten translation of mod Λ. Recall that a module M ∈ mod Λ is
For a cluster-tilted algebra Γ, the following bijection has been established in [1] .
Lemma 2.8. Let T be a basic cluster-tilting object of C Q and Γ = End CQ (T ) op the associated clustertilted algebra. The functor Hom CQ (T, −) induces a bijection between the isoclasses of indecomposable rigid objects of C Q \ add ΣT and the isoclasses of indecomposable τ -rigid Γ-modules.
As a consequence of Theorem 2.7 (a) and Lemma 2.8, we have
2.5. Cluster categories of tame type. The cluster category C Q is of tame type if Q is a connected extended Dynkin quiver. In this case, a cluster-tilted algebra of C Q is also called a cluster-tilted algebra of tame type.
Now assume that Q is a connected extended Dynkin quiver and C Q the associated cluster category of tame type. The projection functor π Q yields a bijection between the indecomposable regular kQmodules and the indecomposable regular objects of C Q . Moreover, each indecomposable regular object of C Q lies in a tube of C Q . For an indecomposable regular object M ∈ C Q , we denote by T M the tube where M lies in. We may define its quasi-length q.l.(M ) to be the quasi-length of the corresponding regular kQ-module. The ray R M , the coray C M and the wing W M determined by M in T M can be defined similarly. For a fixed tube T of C Q , we still use the coordinate system to denote the indecomposable objects in T . If T is a tube of rank d in C Q , then the functor Σ d restricts to the identity on T and Σ(a,
Notice that the tube T of C Q is no longer standard. Nevertheless, the morphism space between any two indecomposable regular objects can be computed easily using Lemma 2.3.
Let T be a tube of C Q . For any indecomposable objects M, N ∈ T , we have
Following [8] , morphisms in
can be written as the sum of an M-map with a D-map. The composition of two M-maps is also a M-map, the composition of an M-map with a D-map is a D-map, the composition of two D-maps is zero, and no M-map can factor through a D-map.
The following lemma summarizes certain facts about cluster categories of tame type.
Lemma 2.10. Let C Q be a cluster category of tame type. Proof. Part (1) (a).
For (4), without loss of generality, we may assume that M = (1, 1). Note that N is rigid which
. Since each tube of mod kQ is standard, we have
and the equality holds if and only if
Recall that ind rig C Q is the set of isoclasses of indecomposable rigid objects of C Q .
Lemma 2.11. Let C Q be a cluster category of tame type and M an indecomposable transjective object.
For any nonnegative integer l, both the sets
Proof. Since M is transjective, we may choose a tame hereditary algebra H = kQ ′ , which is derived equivalent to kQ, such that M is identified to an indecomposable projective H-module. In this case, each indecomposable object of C Q is identified to an indecomposable H-module or ΣP for some indecomposable projective H-module P .
Let g Q ′ be the affine Kac-Moody algebra associated to Q ′ andġ be the associated simple Lie algebra of g Q ′ . Denote by δ the minimal positive imaginary root of g Q ′ . It is well-known that each positive real root of g Q ′ can be written as the sum of a positive root ofġ with mδ for some positive integer m (cf. [24] ). For a vertex i of Q ′ and an integer l, denote by S i,l the set consisting of positive roots of g Q ′ whose i-th components are less than l. We clearly know that S i,l is a finite set.
According to [23] , the dimension vector of an indecomposable rigid H-module is a positive root of
On the other hand, different rigid H-modules have different dimension vectors [15] . For a fixed indecomposable projective H-module P i and a nonnegative integer l, one deduces that
where ind rig H is the set of isoclasses of indecomposable rigid H-modules. Now for any indecomposable
For the second set, one choose a tame hereditary algebra H ′ such that M is identified to an indecomposable injective H ′ -modules.
3. Subfactors of cluster categories 3.1. Subfactors of triangulated categories. Subfactors of triangulated categories were introduced in [22] . In this subsection, we recall the basic constructions and results of subfactors for 2-Calabi-Yau categories and we refer to [22] for the general situation.
Let C be a 2-Calabi-Yau triangulated category with suspension functor Σ. For a given functorially finite rigid subcategory Z of C, set
It is not hard to see that B is functorially finite and extension closed. Moreover, Z ⊆ B and one may form the additive quotient category B/Z. Surprisingly, it has been shown in [22] that the quotient category B/Z inherits a triangle structure from C. Moreover, the following results has been obtained in [22] (cf. also [4] ). For the later use, let us briefly recall the triangle structure of B/Z. The suspension functor G :
B/Z → B/Z is defined as follows. For each X ∈ B, consider the left minimal Z-approximation
One can check that Y ∈ B and set G(
there exists g and h which make the following diagram commutative
and we define G(f ) := h, where for a morphism f ∈ Hom C (X, X ′ ) with X, X ′ ∈ B, we denote by f the image of f in the quotient category B/Z. As shown in [22] , this gives a well-defined autoequivalence. 
Note that the morphism d is not unique, but one can prove that different choices of the morphism d yield the same image in B/Z. The standard triangle of B/Z is defined to be the complex
Recall that a triangulated category D is called algebraic if there is a Frobenius category F such that D is the stable category F of F . We refer to [21] for the definition and the standard triangles of F .
The subfactors of Frobenius 2-Calabi-Yau categories were investigated in [4] .
Combining the results of [22, 4] , we have the following observation.
Lemma 3.2. Let C be an algebraic 2-Calabi-Yau triangulated category and Z a functorially finite rigid subcategory of C. Set B := ⊥ (ΣZ). Then the subfactor triangulated category B/Z is also algebraic.
Proof. Let F be a Frobenius category such that F = C. Denote by P the full subcategory of F consisting of projective-injective objects of F . Let Z be the preimage of Z under the projection π : F → F = C and define
Clearly, we have B/P = B. Recall that Z is functorially finite rigid in C implies that B is also functorially finite in C, from which one can deduce that B is functorially finite in 
Subfactors of cluster categories.
In this subsection, we apply Iyama-Yoshino's construction of subfactors to cluster categories. Namely, we have the following main result of this subsection.
Theorem 3.3. Let C be a cluster category and Z a rigid object. The 2-Calabi-Yau triangulated category ⊥ (add ΣZ)/ add Z is a cluster category. Moreover, there is a one-to-one correspondence between clustertilting objects of C containing Z and cluster-tilting objects of ⊥ (add ΣZ)/ add Z.
Proof. According to Theorem 3.1, it remains to prove that ⊥ (add ΣZ)/ add Z is a cluster category. It follows from Keller's construction [25] that the cluster category C is algebraic. Consequently, the subfactor ⊥ (add ΣZ)/ add Z is also algebraic by Lemma 3.2. By Keller-Reiten's recognition theorem of cluster category [26] , it suffices to show that there is a basic cluster-tilting object M ∈ ⊥ (add ΣZ)/ add Z such that its quiver Q M is acyclic.
Let T be a cluster-tilting object in ⊥ (add ΣZ)/ add Z, then T ⊕ Z is a cluster-tilting object in C.
Denote by Γ = End C (T ⊕ Z) op the cluster-tilted algebra of T ⊕ Z and e Z the idempotent associated to Z. We clearly have End⊥ (add ΣZ)/ add Z (T ) op ∼ = Γ/Γe Z Γ, which is a cluster-tilted algebra by Theorem 2.7. Moreover, the quiver of End⊥ (add ΣZ)/ add Z (T ) op has no loops nor 2-cycles. Consequently, the 2-Calabi-Yau category ⊥ (add ΣZ)/ add Z admits a cluster structure by Theorem 2.1. Let Q be the quiver of End⊥ (add ΣZ)/ add Z (T ) op . The quiver Q is the quiver of a cluster-tilted algebra implies that there is a sequence i 1 , · · · , i t of vertices of Q such that the quiver corresponding to the skew-symmetric matrix µ it • · · · µ i1 (B(Q)) is acyclic. By definition of cluster structure, applying the corresponding mutations to the cluster-tilting object T in ⊥ (add ΣZ)/ add Z, we obtain a cluster-tilting object M ∈ ⊥ (add ΣZ)/ add Z such that the quiver Q M is acyclic. This finishes the proof.
3.3. Subfactors of cluster categories of tame type. In this subsection, we study the subfactor of cluster categories of tame type with respect to an indecomposable rigid object. The following easy result on determining AR-triangles will be used frequently. Figure 2 . T M,C ∪ W M consists of objects which do not lie in L M and R M .
Lemma 3.4. Let C be a 2-Calabi-Yau triangulated category with suspension functor Σ.
(1) Let X, Z, Y 1 , · · · , Y t be non-isomorphic indecomposable objects of C. Assume that
is a triangle of C such that each component of f and g is irreducible, then the above triangle is an AR-triangle of C. In particular, ΣZ ∼ = X;
(2) Let M ∈ C be a rigid object and
where G is the suspension functor of C ′ .
In the following, we assume that Q is a connected extended Dynkin quiver and C Q is the cluster category associated to Q. Let M be an indecomposable rigid object of C Q and C := ⊥ (ΣM )/ add M the subfactor of C Q determined by M . By Theorem 3.3, we know that C is a cluster category. Assume moreover that M is regular in C Q . We are going to determine the connected AR components of C which are induced from tubes of C Q . Recall that C is a 2-Calabi-Yau triangulated category by Theorem 3.1, which implies that its Auslander-Reiten translation coincides with the suspension functor G of C. 
See Figure 2 . for an illustration of T M,C ∪ W M . Proof. For each 1 ≤ i ≤ t − 1, we have the following triangle in C Q
By definition of the suspension functor G of C, one obtains G(1, i) = (i + 1, t − i), 1 ≤ i ≤ t − 1. On the other hand, for any (a, b) ∈ W M such that 1 < a ≤ t and a + b ≤ t + 1, we have the AR-triangle
it induces an AR-triangle in the subfactor C and we have G(a, b) = (a − 1, b) by Lemma 3.4 (2). We conclude that the indecomposable objects in W M / add M form a finite connected AR component of C, which is the AR quiver of the cluster category of a type A t−1 quiver.
We claim that f is an irreducible morphism from (a, b) to (a, b + t + 1) in C.
Without loss of generality, we may assume that f is an M-map. Suppose that f is not irreducible.
There is a factorization of f = g • h in C such that g : N → (a, b + t + 1) is not a retraction and h : (a, b) → N is not a section. Recall that C is the additive quotient of ⊥ (ΣM ) with respect to add M .
and h : (a, b) → N ⊕ M ⊕r . We may rewrite g = g 1 + g 2 and h = h 1 + h 2 , where g 1 , h 1 are Mmaps and g 2 , h 2 are D-maps. Consequently, f = g 1 • h 1 since f is an M-map. We clearly know that
is not a retraction and h 1 : (a, b) → N ⊕ M ⊕r is not a section in mod kQ.
By the assumption that (a,
for any 1 ≤ i ≤ t. Now the factorization f = g 1 • h 1 contradicts the fact that each tube in mod kQ is standard. This completes the proof that f is an irreducible morphism in C. Dually, if (a, b)
According to Lemma 3.4, we conclude that T M,C / add M forms a connected AR component of C with infinitely many indecomposable objects. Moreover, d − t is the minimal positive integer such that
. Consequently, T M,C / add M is a rank d − t tube of C by the shape of AR quiver of a cluster category.
The following lemma plays a key role in our investigation of dimension vectors of indecomposable τ -rigid modules for cluster-tilted algebras of tame type.
Lemma 3.7. Let C Q be a cluster category of tame type and M an indecomposable regular rigid object of C Q . Denote by C = ⊥ (ΣM )/ add M the subfactor of C Q .
(1) Let X be an indecomposable object in C. If X is transjective in C Q , then X is transjective in C. Consequently, an indecomposable X ∈ C is transjective in C if and only if X is transjective
(2) Assume moreover that q.l.(M ) = 1. Then an indecomposable object X ∈ C is regular in C if and only if X is regular in C Q .
Proof. For the first statement, assume that X is regular in C. By definition, there is an indecomposable object Y ∈ C lying in the same AR component of X such that dim k End C (Y ) ≥ 2. We clearly have
In particular, Y is a regular object in C Q . Consequently, the AR component of
, then the tube T Y remains a tube in C, which implies that X is regular in C Q , a contradiction. Now assume that M ∈ T Y . By Lemma 3.5 and 3.6, we deduce that X ∈ T Y which also contradicts to that X is transjective in C Q .
If q.l.(M ) = 1, then the above discussion also implies that if X ∼ = M is a regular object of C Q such that X ∈ ⊥ (ΣM ), then X is regular in C. Now the second statement follows from the first one. (1) If M is transjective in C Q , then C is a cluster category of finite type;
(2) If M lies in the rank d l tube with q.l.(M ) = t < d l − 1, then the cluster category C is the direct sum a cluster category of type A t−1 and a cluster category of tame type
In particular, if q.l.(M ) = 1, then C is a cluster category of tame type
Proof. The subfactor C is a cluster category by Theorem 3.3. Note that M is transjective if and only if ΣM = τ M is transjective. Then the first statement is a direct consequence of Lemma 2.11, Theorem 3.1 (1) and Lemma 2.5 (1).
Let us consider the second statement. By Lemma 3.5, 3.6 and 2.5 (2), we have a decomposition
. Again by Lemma 3.6 and Lemma 3.7 (1), we deduce that the ranks of non-homogeneous tubes in C are precisely
We have to show that C 1 can not be decomposed as a direct sum of two non-trivial cluster categories.
Otherwise, assume C 1 = M 1 ⊕M 2 , where M 1 , M 2 are cluster categories. Without loss of generality,
we may assume that M 1 is a cluster category of tame type. Let X ∈ M 2 be a transjective object in C. By Lemma 3.7 (1), we know that X ∈ C Q is also transjective in C Q . Note that M 1 is a cluster category of tame type and Hom C (Z, G(X)) = 0 for any Z ∈ M 1 . In particular, the set In particular, β X is a right add M -approximation of G(X). For Y ∈ C, applying the functor Hom CQ (Y, −)
to the triangle above, we obtain a long exact sequence
Consequently, the set {Y ∈ ind rig C Q | Hom CQ (Y, ΣX) = 0} is infinite, which contradicts Lemma 2.11.
This completes the proof.
Let C be a cluster category and T a basic cluster-tilting object in C. If T does not have a regular direct summand, then the cluster-tilted algebra End C (T ) op is called a cluster-concealed algebra. We have the following immediately consequence of Theorem 3.8.
Corollary 3.9. Let Γ be a cluster-tilted algebra of tame type. Then Γ is a cluster-concealed algebra if and only if for every primitive idempotent e, the algebra Γ/ΓeΓ is a cluster-tilted algebra of finite type.
Dimension vectors and mutations
4.1. Exchange compatibility. Let C be a cluster category and (X, X * ) an exchange pair of C. Recall that for the exchange pair (X, X * ), we have two exchange triangles
An indecomposable object M ∈ C is compatible with the exchange pair (X, X * ) [7] , if either X ∼ = ΣM or X * ∼ = ΣM , or
If M is compatible with every exchange pair (X, X * ) of C, then M is called exchange compatible. 
Let (X, X * ) be an exchange pair. If both X and X * are transjective, then we call the pair (X, X * ) a transjective exchange pair and the corresponding mutation a non-regular mutation. The following has been proved in [9] .
Lemma 4.2. Let Q be a finite acyclic quiver and C Q the associated cluster category.
(1) If (X, X * ) is a transjective exchange pair of C Q , then each indecomposable rigid object of C Q is compatible with (X, X * );
(2) Let T be a basic cluster-tilting object of C Q . If T has no regular direct summands, then T can be obtained from kQ by a series of non-regular mutations.
For cluster categories of tame type, Buan, Marsh and Reiten [7] obtained the following characterization of exchange compatible rigid objects. when N is regular in a tube of rank t ≥ 2.
Let C be a cluster category of tame type and T a basic cluster-tilting object of C. We can always write T as T = T tr ⊕ R, where T tr is transjective and R is regular. The following result gives a sufficient condition on when two basic cluster-tilting objects can be obtained from each other by non-regular mutations.
Lemma 4.4. Let C be a cluster category of tame type. Let T = T tr ⊕ R and T ′ = T ′ tr ⊕ R be two basic cluster-tilting objects of C, where R is regular and T tr , T ′ tr are transjective. Then the cluster-tilting object T can be obtained from T ′ by a series of non-regular mutations.
Proof. We proof this result by induction on the number |R|. If |R| = 0, the result follows from Lemma 4.2 (2) and Lemma 2.6 (b) directly. Now assume that the result holds for |R| = t and we consider the case |R| = t + 1. According to Lemma 2.10 (3), there is an indecomposable direct summand S of R such that q.l.(S) = 1. We may rewrite T = T tr ⊕ R ′ ⊕ S and
Let us consider the subfactor C ′ := ⊥ (ΣS)/ add S of C determined by S, which is a cluster category by Theorem 2.10. Moreover, there is a one-to-one correspondence between the cluster-tilting objects of C ′ and the cluster-tilting objects of C contianing S as a direct summand. In particular, T tr ⊕ R ′ and T i a basic cluster-tilting object of C with indecomposable direct summands T 1 , · · · , T n . Let Γ = End C (T ) op be the cluster-tilted algebra associated to T . Recall that for an object M , we have a
k be the mutation of T at the indecomposable direct summand T k . In particular, (T k , T * k ) is an exchange pair. Denote by Γ ′ = End C (T ′ ) op the cluster-tilted algebra of T ′ .
Note that (Σ 2 T k , Σ 2 T * k ) is also an exchange pair. Proposition 4.5. Keep the notations as above. Assume moreover that each indecomposable rigid ob- Since M and N are compatible with the exchange pair (
by Lemma 4.1. On the other hand, by B, B ′ ∈ add T and dim
The proof of the above proposition also implies the following result. 
Let Q be a finite acyclic quiver and C Q the associated cluster category. It is well-known that rigid kQ-modules are determined by their dimension vectors (cf. [15] ). In this case, the indecomposable τ -rigid kQ-modules coincide with the indecomposable rigid kQ-modules. Hence indecomposable τ -rigid kQ-modules are determined by their dimension vectors. Let T ∈ C Q be a basic cluster-tilting object without regular direct summands. It follows from Lemma 4.2 (2) that T can be obtained from the cluster-tilting object kQ by a series of non-regular mutations. On the other hand, if (X, X * ) is a transjective exchange pair in C Q , then (Σ 2 X, Σ 2 X * ) is also transjective. Moreover, each indecomposable rigid object in C Q is compatible with (Σ 2 X, Σ 2 X * ) by Lemma 4.2 (1). Therefore by Proposition 4.5
and induction on the length of mutations, we have proved the main result of [2] (cf. also [19] ).
Theorem 4.7. Let Γ be a cluster-concealed algebra, then indecomposable τ -rigid Γ-modules are determined by their dimension vectors.
Dimension vectors for cluster-tilted algebras of tame type.
Lemma 4.8. Let C be a cluster category of tame type and T = T tr ⊕R a basic cluster-tilting object of C, where T tr is transjective and R is regular. Denote by Γ = End C (T ) op the cluster-tilted algebra of T and e R the idempotent of Γ associated to R. Then the factor algebra Γ ′ := Γ/Γe R Γ is a cluster-concealed algebra.
Proof. We prove this result by induction on |R|. It is clear that the result holds for |R| = 0. For |R| ≥ 1, it follows from Lemma 2.10 (3) that there is an indecomposable direct summand, say R 1 , of R with q.l.(R 1 ) = 1. Let C 1 = ⊥ (ΣR 1 )/ add R 1 be the subfactor determined by R 1 . We may rewrite R as R = R 1 ⊕ R ′ and then T tr ⊕ R ′ is a basic cluster-tilting object in C 1 with |R ′ | = |R| − 1. Again by Lemma 3.7 (2), we know that T tr is a transjective object in C 1 and R ′ is a regular object in C 1 . Denote
op and A ′ = A/Ae R ′ A the factor algebra of A by the ideal generated by e R ′ , where e R ′ is the idempotent of A associated to R ′ . By induction, we know that A ′ is a cluster-concealed algebra and we obtain the desired result by noting that Γ ′ ∼ = A ′ .
Now we are in the position to state the main result of this section.
Theorem 4.9. Let Γ be a cluster-tilted algebra of tame type. If X and Y are indecomposable τ -rigid Γ-modules with dim X = dim Y , then X and Y are isomorphic.
Proof. Let C = C Q be a cluster category of tame type and T a basic cluster-tilting object of C such that Γ = End C (T ) op . We may write T as T = T tr ⊕ R, where T tr is transjective and R is regular. We prove the result by induction on |R|. If |R| = 0, then Γ is a cluster-concealed algebra and the result follows from Theorem 4.7 directly.
In the following, we assume that |R| ≥ 1. Recall that each indecomposable τ -rigid Γ-module can be represented by M Γ = Hom C (T, M ) for an indecomposable rigid object M ∈ C\ add ΣT . It suffices to prove that if M and N are non-isomorphic indecomposable rigid objects in C\ add ΣT , then
Let M and N be non-isomorphic indecomposable rigid objects in C\ add ΣT . Suppose that dim M Γ = dim N Γ , we have either Hom C (R, M ) = 0 or Hom C (R, M ) = 0.
Let us first consider the case Hom C (R, M ) = 0 = Hom C (R, N ). Denote by Γ ′ = Γ/Γe R Γ the factor algebra of Γ by the ideal generated by e R , where e R is the idempotent of Γ associated to R. It remains to consider that Hom C (R, M ) = 0. Let R 1 be an indecomposable direct summand of R such that Hom C (R 1 , M ) = 0. Recall that we have assumed that dim M Γ = dim N Γ , we obtain that
It is clear that
We separate the remaining part into three cases. 
for any integer l. Recall that |R| ≤ |kQ| − 2 and we may choose an indecomposable direct summand
any integer l. Note that T i is transjective, which implies that Σ sm T i ∼ = Σ tm T i whenever s = t ∈ Z. In particular, we obtain infinitely many non-isomorphic indecomposable rigid objects X ∈ C Q such that
, which contradicts Lemma 2.11. In this subsection, we recall the definitions of cluster algebras and denominators. For simplicity, we restrict ourselves to the skew-symmetric and coefficientfree cases. For the general situation, we refer to [16, 17] .
Fix an integer n. For an integer a, we set [a] + = max{a, 0}. Let F be the field of fractions of the ring of polynomials in n indeterminates with coefficients in Q. A seed in F is a pair (B, x) consisting of a skew-symmetric matrix B ∈ M n (Z) and a free generating set x = {x 1 , · · · , x n } of the field F . The matrix B is the exchange matrix and x is the cluster of the seed (B, x). Elements of the cluster x are cluster variables of the seed (B, x). The mutation of matrix may be extended to the mutation of seeds.
Namely, for any 1 ≤ k ≤ n, the seed mutation of (B, x) in the direction k transforms (B, x) into a new
, where the cluster
The cluster algebra A(B) = A(B, x) is the subalgebra of F generated by all the cluster variables which can be obtained from the initial seed (B, x) by iterated mutations. As we have seen in Section 2.1, there is a one-to-one correspondence between skew-symmetric matrices and quivers without loops nor 2-cycles. For a finite quiver Q without loops nor 2-cycles, we denote by A(Q) := A(B(Q)) the cluster algebra associated to the skew-symmetric matrix B(Q). A seed (B, x) is acyclic if the quiver associated to B is acyclic. A cluster algebra is called acyclic if it admits an acyclic seed.
Let Q be a finite quiver without loops nor 2-cycles and A(Q) the corresponding cluster algebra. A cluster monomial of A(Q) is a monomial in cluster variables all of which belong to the same cluster.
Denote by Q 0 = {1, · · · , n} the vertex set of Q. For any given cluster Y = {y 1 , · · · , y n } of A(Q), it follows from the Laurent phenomenon [16] that every cluster monomial x of A(Q) can be written uniquely as
is a polynomial in y 1 , · · · , y n which can not be divisible by any To our best knowledge, the denominator conjecture has not yet been verified even for the cluster algebras of finite type. Thus, in order to establish the denominator conjecture, one may first to consider a weak version of the denominator conjecture. Namely, different cluster variables have different denominators. In the following, we will verify the weak denominator conjecture for cluster algebras of tame type with respect to any initial seeds.
5.2.
Denominators for cluster variable of tame type. In this subsection, we fix a connected extended Dynkin quiver Q. Denote by Q 0 = {1, · · · , n} the vertex set of Q. Let C Q be the cluster category of Q and A(Q) the cluster algebra associated to Q. There is a bijection between the cluster variables of A(Q) and the indecomposable rigid objects of C Q [13] . Moreover, the clusters of A(Q)
correspond to the basic cluster-tilting objects of C Q . For a given cluster Y = {y 1 , · · · , y n } of A(Q), denote by ΣT = n i=1 (ΣT i ) ∈ C Q the corresponding basic cluster-tilting object, where ΣT 1 , · · · , ΣT n are indecomposable rigid objects corresponding to y 1 , · · · , y n respectively. Let Γ = End CQ (T ) op be the cluster-tilted algebra. We have a bijection between the indecomposable τ -rigid Γ-modules and the indecomposable rigid objects in C\ add ΣT by Lemma 2.8. Consequently, there is a one-to-one correspondence between the indecomposable τ -rigid Γ-modules and the non-initial cluster variables of A(Q). In the following, for an indecomposable rigid object M ∈ C Q , we write x M for the corresponding cluster variable and denote by den(x M ) the denominator vector of x M . The following result gave an explicit relation between the denominator vector of x M and the dimension vector of M Γ (cf. [9] ). 
there is a tube of rank t ≥ 2 containing T i and
The following result is a consequence of Lemma 2.3 (cf. also [9] ).
Lemma 5.4. Let M and N be indecomposable rigid objects in C Q \ add ΣT . Suppose that M and N lie in the same tube of rank t and q.l.(N ) = t − 1. Then we have
Combining Theorem 5.3 and Lemma 5.4, we clearly know that the denominator vectors of non-initial cluster variables of A(Q) are nonnegative.
5.3.
Weak denominator conjecture of tame type. We begin with the following lemma which plays an important role in the proof of the weak denominator conjecture of cluster algebra of tame type.
Lemma 5.5. Let C Q be a cluster category of tame type. Let T = T ⊕ T k and µ T k (T ) = T ⊕ T * k be two basic cluster-tilting objects of C Q such that both T k and T * k are transjective. Denote by T i an indecomposable regular direct summand of T . Let M be an indecomposable transjective object of C Q and N an indecomposable rigid object of C Q which lies in the same tube as T i . Assume that M, N ∈ add ΣT and for any indecomposable direct summand 
The 2-Calabi-Yau property of C Q implies the following short exact sequence
In other words, we have Proof. Let Q 0 = {1, 2, · · · , n} be the vertex set of Q and C = C Q the cluster category associated to Q. We fix a cluster Y = {y 1 , · · · , y n } of A(Q) as initial seed. Recall that there is a bijection between the cluster variables of A(Q) and the indecomposable rigid objects of C. For any indecomposable rigid object M of C, we denote by x M the corresponding cluster variable. Denote by ΣT = n i=1 (ΣT i ) the basic cluster-tilting objects corresponding to Y , where ΣT 1 , · · · , ΣT n are indecomposable rigid objects correspond to y 1 , · · · , y n respectively. Namely, we have x ΣTi = y i , 1 ≤ i ≤ n. Let Γ = End CQ (T ) op be the cluster-tilted algebra associated to T . According to Theorem 5.3, for any indecomposable rigid object M ∈ C\ add ΣT , we clearly have den(x M ) = den(x ΣTi ) for any 1 ≤ i ≤ n. Thus it remains to prove that for any non-isomorphic indecomposable rigid objects M, N ∈ C\ add ΣT , we have den(x M ) = den(x N ).
In the following, for an indecomposable rigid object M ∈ C\ add ΣT , M is said to satisfy the property (P ), if T admits an indecomposable direct summand T i such that Note that for any integer l, we also have Σ lm R = R and Σ lm N = N . Similarly, one obtains dim k Hom C (Σ lm T j , M ) = dim k Hom C (Σ lm T j , N ).
Consequently, for any integer l, we have dim k Hom C (Σ lm T j , M ) = dim k Hom C (Σ lm T j , N ) = dim k Hom C (T j , N ) = dim k Hom C (T j , M ).
Note that C is a cluster category of tame type and T j is a transjective object. It is clear that Σ tm T j ∼ = Σ sm T j whenever s = t. In particular, there are infinitely non-isomorphic indecomposable rigid objects X such that dim k Hom C (X, M ) = dim k Hom C (T j , M ), which contradicts Lemma 2.11. Consequently, den(x M ) = den(x N ) in this case. This completes the proof.
